A graph Γ is a bi-Cayley graph over a group G if G is a semiregular group of automorphisms of Γ having two orbits. Let G be a non-abelian metacyclic p-group for an odd prime p, and let Γ be a connected bipartite bi-Cayley graph over the group G. In this paper, we prove that G is normal in the full automorphism group Aut(Γ) of Γ when G is a Sylow p-subgroup of Aut(Γ). As an application, we classify half-arc-transitive bipartite bi-Cayley graphs over the group G of valency less than 2p. Furthermore, it is shown that there are no semisymmetric and no arc-transitive bipartite bi-Cayley graphs over the group G of valency less than p.
Introduction
All graphs considered in this paper are finite, connected, simple and undirected. For a graph Γ, we use V (Γ), E(Γ), A(Γ) and Aut(Γ) to denote its vertex set, edge set, arc set and full automorphism group, respectively. The graph Γ is said to be vertex-transitive, edgetransitive or arc-transitive if Aut(Γ) acts transitively on V (Γ), E(Γ) or A(Γ) respectively, semisymmetric if it is edge-transitive but not vertex-transitive, and half-arc-transitive if it is vertex-transitive, edge-transitive, but not arc-transitive.
Let G be a permutation group on a set Ω and α ∈ Ω. Denote by G α the stabilizer of α in G, that is, the subgroup of G fixing the point α. We say that G is semiregular on Ω if G α = 1 for every α ∈ Ω and regular if G is transitive and semiregular. A group G is metacyclic if it has a normal subgroup N such that both N and G/N are cyclic.
Let Γ be a graph with G ≤ Aut(Γ). Then Γ is said to be a Cayley graph over G if G is regular on V (Γ) and a bi-Cayley graph over G if G is semiregular on V (Γ) with two orbits. In particular, if G is normal in Aut(Γ), the Cayley graph or bi-Cayley graph Γ over G is called a normal Cayley graph or a normal bi-Cayley graph, respectively.
It is well-known that Cayley graphs play an important role in the study of symmetry in graphs. However, graphs with various symmetries can be constructed by bi-Cayley graphs. For example, by using bi-Cayley graphs, several infinite families of semisymmetric graphs were constructed in [9, 10, 22] . Bi-Cayley graphs can also be used to construct nonCayley vertex-transitive graphs, and the typical examples are the generalized Petersen graphs which are bi-Cayley graphs over cyclic groups. The smallest half-arc-transitive graph constructed in Bouwer [3] is also a bi-Cayley graph over a non-abelian metacyclic group of order 27. In this paper, we construct a family of half-arc-transitive graphs by using bi-Cayley graphs.
In 1966, Tutte [30] initiated an investigation of half-arc-transitive graphs by showing that a vertex-and edge-transitive graph with odd valency must be arc-transitive. A few years later, in order to answer Tutte's question of the existence of half-arc-transitive graphs of even valency, Bouwer [3] gave a construction of a 2k-valent half-arc-transitive graph for every k ≥ 2. One of the standard problems in the study of half-arc-transitive graphs is to classify such graphs of certain orders. Let p be a prime. It is well known that there are no half-arc-transitive graphs of order p or p 2 , and by Cheng and Oxley [4] , there are no half-arc-transitive graphs of order 2p. Alspach and Xu [1] classified half-arc-transitive graphs of order 3p and Kutnar et al. [18] classified the half-arc-transitive graphs of order 4p. Despite all of these efforts, however, further classifications of half-arc-transitive graphs with general valencies seem to be very difficult, and special attention has been paid to the study of half-arc-transitive graphs with small valencies, see [5, 6, 11, 12, 23, 25, 31, 33] . In fact, half-arc-transitive graphs have been extensively studied from different perspectives over decades by many authors; see, for example [2, 15, 17, 20, 24, 26] . Let G be a nonabelian metacyclic p-group for an odd prime p. In this paper, we classify half-arc-transitive bipartite bi-Cayley graphs over the group G of valency less than 2p.
Our motivation comes partly from the work of Li and Sim [19, 20] . Let G be a nonabelian metacyclic p-group for an odd prime p. In [19] , the automorphism group of a Cayley graph over G is characterized when G is a Sylow p-subgroup of the Cayley graph, and by using this result, half-arc-transitive graphs over a metacyclic p-group of valency less than 2p were classified in [20] . In this paper, we first determine the automorphism group of a bi-Cayley graph over G when G is a Sylow p-subgroup of the bi-Cayley graph, and then using the result, we classified half-arc-transitive bipartite bi-Cayley graphs over G of valency less than 2p. Furthermore, we show that there is no semisymmetric and no arc-transitive bipartite bi-Cayley graphs over G of valency less than p.
Background results
Let G be a finite metacyclic p-group. Lindenberg [21] proved that the automorphism group of G is a p-group when G is nonsplit. The following proposition described the automorphism group of the remaining case when G is split. It is easy to show that every non-abelian split metacyclic p-group G for an odd prime p has the following presentation:
where α, β, γ are positive integers such that 0 < γ < α ≤ β + γ. Let n be a positive integer. Denote by Z n the cyclic group of order n as well as the ring of integers modulo n, and by Z * n the multiplicative group of the ring Z n consisting of numbers coprime to n. 
Moreover, all Hall p ′ -subgroups of Aut(G α,β,γ ) are conjugate and isomorphic to Z p−1 . In particular, the map θ : a → a ε , b → b, induces an automorphism of G α,β,γ of order p − 1, where ε is an element of order p − 1 in Z * p α .
A p-group G is said to be regular if for any x, y ∈ G there exists d i ∈ x, y ′ such that 
It is easy to check that |G ′ α,β,γ | = p α−γ . Let b m a n ∈ G α,β,γ with m ∈ Z p β and n ∈ Z p α , and denote by o(b m a n ) the order of b m a n . Since α − γ ≤ β, Proposition 2.2 implies that if (p, m) = 1 then o(b m a n ) = max{o(a n ), p β }, and if β < α and p n, then o(b m a n ) ≤ p α−1 , which will be used later. Let G be a finite group. Denote by N ≤ G if N is a subgroup of G, and by N < G if N is a proper subgroup of G. The following proposition determines non-abelian simple groups having a proper subgroup of index prime-power order. Proposition 2.3 ([14, Theorem 1]) Let T be a non-abelian simple group with H < T and |T : H| = p a , p prime. Then one of the following holds.
1. T = PSL(n, q) and H is the stabilizer of a line or hyperplane. Furthermore, |T : H| = (q n − 1)/(q − 1) = p a and n must be a prime.
2. T = A n and H ∼ = A n−1 with n = p a .
3. T = PSL(2, 11) and H ∼ = A 5 . 23 and H ∼ = M 22 or T = M 11 and H ∼ = M 10 .
T = M
5. T = PSU(4, 2) ∼ = PSp(4, 3) and H is the parabolic subgroup of index 27.
The following result is an immediate consequence of Corollary 2 in Guralnick [14] .
Proposition 2.4 Let T be a non-abelian simple group acting transitively on Ω with p l elements for a prime p. If p does not divide the order of a point-stabilizer in T , then T acts 2-transitively on Ω.
It is well-know that GL(d, q) has a cyclic group of order q d − 1, the so called SingerZyklus, which also induces a cyclic group on PSL(d, q). 
Let G and E be two groups. We call an extension E of G by N a central extension of G if E has a central subgroup N such that E/N ∼ = G, and if further E is perfect, that is, the derived group E ′ = E, we call E a covering group of G. Schur [27] proved that for every non-abelian simple group G there is a unique maximal covering group M such that every covering group of G is a factor group of M (also see [16, Chapter 5, Section 23] ). This group M is called the full covering group of G, and the center of M is the Schur multiplier of G, denoted by M(G). For a group G, we denote by Out(G) the outer automorphism group of G, that is, Out(G) = Aut(G)/Inn(G), where Inn(G) is the inner automorphism group of G induced by conjugation.
The following proposition is about outer automorphism group and Schur multiplier of a non-abelian simple group with a proper subgroup of prime-power index.
Proposition 2.6 ([19, Lemma 2.3])
Let p be an odd prime and let T be a non-abelian simple group which has a subgroup H of index p l > 1. Then
For a group G and a prime p, denote by O p (G) the largest normal p-subgroup of G, and by O p ′ (G) the maximal normal subgroup of G whose order is not divisible by p. The next proposition is about transitive permutation groups of prime-power degree.
Proposition 2.7 ([19, Lemma 2.5]) Let p be a prime, and let A be a transitive permutation group of p-power degree. Let B be a nontrivial subnormal subgroup of A. Then B has a proper subgroup of p-power index, and
A group G is said to be a central product of the subgroups H 1 , . . . , H n (n ≥ 2) of G if G = H 1 · · · H n and for any i = j, H i and H j commute elementwise. A group G is called quasisimple if G ′ = G and G/Z(G) is a non-abelian simple group, where Z(G) is the centralizer of G, and is called semisimple if G ′ = G and G/Z(G) is a direct product of non-abelian simple groups. Clearly, a quasisimple group is semisimple, and the identity group is semisimple, but not quasisimple. A subnormal quasisimple subgroup of a group G is called a component of G. By [29, 6.9 (iv), p. 450], any two distinct components of G commute elementwise, and by Proposition 2.8, the product of all components of G is semisimple, denoted by E(G), which is characteristic in G. We use F (G) to denote the Fitting subgroup of G, that is, 
For a group G and a subgroup H of G, let C G (H) be the centralizer of H in G. An action of a group G on a set Ω is a homomorphism from G to the symmetric group S Ω on Ω. We denote by Φ(G) the Frattini subgroup of G, that is, the intersection of all maximal subgroups of G. Note that for a prime p,
can be viewed as a vector space over the field Z p . The following lemma considers a natural action of a group G on the vector Let T act on two sets Ω and Σ, and these two actions are equivalent if there is a bijection λ : Ω → Σ such that
When the two actions are transitive there is a simple criterion for deciding whether or not they are equivalent. For a group G and two subgroups H and K of G, we consider the actions of G on the right cosets of H and K by right multiplication. The stabilizers of Hx and Ky are H x and K y , respectively. By Proposition 2.11, these two right multiplication actions are equivalent if and only if H and K are conjugate in G.
Automorphism groups
Let p be an odd prime and G a non-abelian metacyclic p-group for an odd prime p. If Γ is a connected Cayley graph over a group G and G Aut(Γ), then Aut(Γ) is known by Godsil [13] . If Γ is a connected bi-Cayley graph over G and G Aut(Γ), then Aut(Γ) is known by Zhou and Feng [34] (also see Proposition 4.1). The main purpose of this section is to determine automorphism group of a connected bipartite bi-Cayley graph over G by proving that G is normal in the full automorphism group of the graph.
Let Γ N be the quotient graph of a graph Γ with respect to N ≤ Aut(Γ), that is, the graph having the orbits of N as vertices with two orbits 
The following is the main result of this section.
Theorem 3.1 Let G be a non-abelian metacyclic group of order p n for an odd prime p and a positive integer n, and let Γ be a connected bipartite bi-Cayley graph over G. Assume that G is a Sylow p-subgroup of Aut(Γ). Then G Aut(Γ).
Proof. Let A = Aut(Γ) and let W 0 and W 1 be the two parts of the bipartite graph Γ. 
Since Sylow p-subgroups of A are conjugate, every p-subgroup of A is semiregular on both W 0 and W 1 .
If the kernel of A * on W 0 (resp. W 1 ) is unfaithful, it has order divisible by p as |W 1 | = p n , and so p n+1 | |A * |, a contradiction. Thus, A * acts faithfully on W 0 (resp. W 1 ).
Set Ω = {T 1 , . . . , T k } and write B = N A * (T 1 ). By considering the conjugation action of A * on Ω, we have B A * as k ≤ 2, and hence A * /B S 2 . Thus, each Sylow p-subgroup of B is also a Sylow p-subgroup of A * , implying that B is transitive on both W 0 and W 1 . Let Γ T 1 be the quotient graph of Γ with respect to T 1 . Since T 1 B, all orbits of T 1 on W 0 have the same length, and the length must be a p-power as |W 0 | = p n , so that it is the order of a Sylow p-subgroup of T 1 because each p-subgroup is semiregular. Similarly, all orbits of T 1 on W 1 have the same length and it is also the order of a Sylow
m for some 1 ≤ m ≤ n, and hence s = p n−m . Since T 1 B, B has a natural action on V (Γ T 1 ) and let K be the kernel of this action. Clearly, 
To finish the proof of the claim, we only need to prove that these two cases are impossible.
2 , contrary to the fact that G is non-abelian. Now assume s ≥ 2. By Atlas [7] , PSL (2, 8) has only one conjugate class of subgroups of index 9, and by Proposition 2.11, T 1 acts equivalently on ∆ i and ∆
n−2 . Note that T 1 is 2-transitive on ∆ i and ∆ ′ j . Since T 1 acts equivalently on ∆ i and ∆ ′ j , by Proposition 2.11, we may assume that (
is either a null graph, or one of the three graphs in Figure 1 
The three graphs are of edge sets {{α il , α
Then σ g fixes each ∆ i and ∆ ′ j , and permutes the elements of ∆ i and ∆ ′ j in the 'same way' for each 1
is either a null graph, or one graph in Figure 1 , and since 3 3 |L|, we have 3 3 |K|, contrary to the fact that 3 2 |K|. T 1 ) ). Since G is metacyclic, G can be generated by two elements, and since G is a p-group, any minimal generating set of G has cardinality 2. It follows that both Q 1 and Q 2 are cyclic, and so G is abelian, a contradiction. Thus, p ∤ |C B (T 1 )| and hence p n |T 1 |, forcing s = 1. Furthermore,
and T 1 is 2-transitive on both W 0 and W 1 . Note that (T 1 ) u is proper subgroup of T 1 of index p n . Since G is a Sylow p-subgroup of A of order p n , all Sylow p-subgroups of T 1 are also Sylow p-subgroups of A, and so they are isomorphic to G. Without loss of generality, we may assume G ≤ T 1 . By Proposition 2.3,
, or 23 respectively, and hence |G| = 11, 11 or 23, contrary to the fact that G is non-abelian.
Suppose T 1 = PSU(4, 2) or A p n . For the former, T 1 has one conjugate class of subgroups of index 27 by Atlas [7] , and for the latter, T 1 has one conjugate class of subgroups of index p n . By Proposition 2.11, T 1 acts equivalently on W 0 and W 1 , and since Γ is connected, the 2-transitivity of
Since G is non-abelian, we have n ≥ 3, and so p n+1 |A|, a contradiction.
= p n and d a prime. By Proposition 2.5, T 1 has a cyclic subgroup of order
, that is, p n+1 |T 1 |, a contradiction.
= p n , contrary to the fact that G is non-abelian. This completes the proof of Claim 1. 
In particular, the induced faithful representation of A * /H on the linear space H is irreducible, and hence H is a minimal normal subgroup of A * .
Since 
. It follows that a Sylow p-subgroup of A * is not metacyclic. On the other hand, since both normal subgroups and quotient groups of a metacyclic group are metacyclic, a Sylow p-subgroups of A * is metacyclic because a Sylow p-subgroup of A * is metacyclic, a contradiction.
Edge-transitive bipartite bi-Cayley graphs
A connected edge-transitive graph is semisymmetric, arc-transitive, or half-arc-transitive.
As an application of Theorem 3.1, we prove that there is no connected semisymmetric or arc-transitive bipartite bi-Cayley graph over a non-abelian metacyclic p-group with valency less than p. Moreover, we classify connected half-arc-transitive bipartite bi-Cayley graphs over a non-abelian metacyclic p-group with valency less than 2p. Let G be a group and let R, L and S be subsets of G such that 
for any θ ∈ Aut(G). On the other hand, let Γ be a bi-Cayley graph over G, where G is a semiregular group of automorphisms of Γ with two orbits. Then Γ can be realized as above, that is, Γ ∼ = BiCay(G, R, L, S) for some subsets R, L and S of G satisfying
Let Γ = BiCay(G, R, L, S) be a connected bi-Cayley graph over a group G. For g ∈ G, define a permutationĝ on V (Γ) = W 0 ∪ W 1 by the rule
It is easy to check thatĝ is an automorphism of Γ andĜ = {ĝ | g ∈ G} is a semiregular group of automorphisms of Γ with two orbits.
For an automorphism θ of G and x, y, g ∈ G, define two permutations on V (Γ) = W 0 ∪ W 1 as following:
The normalizer ofĜ in Aut(Γ) was given by Zhou and Feng [34] . Write N = N Aut(Γ) (Ĝ) in Proposition 4.1. Then N 1 0 = F and
Recall that G α,β,γ is a non-abelian split metacyclic group defined by
where 0 < γ < α ≤ β + γ.
Lemma 4.2 Let G α,β,γ be defined as above. Then
for any i ∈ Z p α , j ∈ Z p β and positive integer k;
2.
If there is an automorphism θ of G α,β,γ such that a θ = b m a n with (m, p) = 1, then β < α.
Proof. With b −1 ab = a 1+p γ , it is easy to prove that for any i ∈ Z p α and j ∈ Z p β , we have a i b j = b j a i(1+p γ ) j and then part 1 follows by induction on k. Since θ ∈ Aut(G α,β,γ ) and a θ = b m a n , we have o(b m a n ) = o(a) = p α , and a G α,β,γ implies b m a n G α,β,γ . Since (p, m) = 1, we have G α,β,γ = a, b m a n = a b m a n , and hence p α+β = |G α,β,γ | ≤ p α · p α , that is, β ≤ α. If β = α, then G α,β,γ = a × b m a n , contrary to the fact that G α,β,γ is non-abelian. Thus, β < α and part 2 follows.
A graph Γ is called locally transitive if the stabilizer Aut(Γ) u for any u ∈ V (Γ) is transitive on the neighborhood of u in V (Γ).
Theorem 4.3
There is no connected locally transitive bipartite bi-Cayley graphs of valency less than p over a non-abelian metacyclic p-group G for an odd prime p.
Proof. Suppose to the contrary that Γ is a connected locally transitive bipartite biCayley graph over G with valency less than p. Since p is odd, the two orbits of G are exactly the two partite sets of Γ, and we may assume that Γ = BiCay(G, ∅, ∅, S), where 1 ∈ S, |S| < p and G = S .
Let A = Aut(Γ). Since Γ has valency less than p, A 1 0 is a p ′ -group, and by Theorem 3.1, G A. Then Proposition 4.1 implies that
. Note that F is a group with operation σ θ,x σ δ,y = σ θδ,yx δ for any σ θ,x , σ δ,y ∈ F . Since 1 ∈ S, we have F = {σ θ,s | θ ∈ Aut(G), s ∈ S, S θ = s −1 S}, and since Γ is locally transitive, F is transitive on S 1 = {s 1 | s ∈ S}.
Set L = {θ | σ θ,s ∈ F }. Since F is a group, L is a group and the map ϕ : σ θ,s → θ defines a homomorphism from F to L. Let K be the kernel of ϕ. If K = 1 then σ 1,s ∈ F for some 1 = s ∈ S (σ 1,1 is the identity of F ). Note that 1 Assume that G is non-split. By Lindenberg [21] , the automorphism group of G is a p-group. Thus, p | |L| and hence p | |A 1 0 |, a contradiction.
Assume that G is split. Then G = G α,β,γ , as defined in Eq (1). Since F is a p ′ -group and F ∼ = L, Proposition 2.1 implies that F is cyclic and |F | | (p − 1). Let |S 1 | = k and F = σ θ,s , where θ ∈ Aut(G), s ∈ S and S θ = s −1 S. Since F is transitive on S 1 , σ θ,s permutes all elements in S 1 cyclically, and so σ k θ,s fixes all elements in S 1 . By Proposition 4.1, F is faithful on S 1 , implying that σ k θ,s = 1. It follows that σ θ,s has order k and is regular on S 1 . Since F ∼ = L, θ also has order k. Furthermore, S 1 = 1
Note that for any τ ∈ Aut(G), we have Γ = BiCay(G, ∅, ∅, S) ∼ = BiCay(G, ∅, ∅, S τ ), where
By Proposition 2.1, all cyclic groups of order k in Aut(G) are conjugate, and so we may assume that θ is the automorphism induced by a → a e , b → b, where e ∈ Z * p α has order k.
Since k < p, we have i = 0 in Z p β , and hence G = S = 1, a j , a j a je , · · · , a j a je · · · a je k−2 ≤ a , a contradiction. This completes the proof.
Corollary 4.4 Let G be a non-abelian metacyclic p-group for an odd prime p. Then there exist no connected semisymmetric or arc-transitive bipartite bi-Cayley graphs over G with valency less than p.
To classify connected bipartite half-arc-transitive bi-Cayley graphs of valency less than 2p over non-abelian metacyclic p-groups, we need the following lemma.
Lemma 4.5 Let e be an element of order k (k ≥ 2) in Z * p α with k (p − 1) and p a prime. Then e i − 1 ∈ Z * p α for any 1 ≤ i < k, and 1 + e + · · · + e k−1 = 0 in Z p α . Let T = {0, 1, 1 + e, . . . , 1 + e + · · · + e k−2 } = {(e − 1)
Then T ⊆ Z p α , and T x + y = {tx + y | t ∈ T } = T for x, y ∈ Z p α if and only if x = e l and y = (e − 1) −1 (e l − 1) for some l ∈ Z k . In particular, T x = T if and only if x = 1.
, and since e has order k, we have e i = 1. Furthermore, there exist l ∈ Z * p α (p ∤ l) and 1 ≤ s < α such that e i = 1 + lp s . It follows that 0 = (
k , and hence p | kl. Since k < p, we have p | l, a contradiction. Thus, p ∤ (e i − 1), that is, e i − 1 ∈ Z * p α . The fact 1 + e + · · · + e k−1 = 0 follows from 0 = e k − 1 = (e − 1)(1 + e + · · · + e k−1 ) and e − 1 ∈ Z * p α . Clearly, T ⊆ Z p α and k ∈ Z * p α . Then t∈T t = (e − 1)
t∈T (tx + y) = t∈T t, and hence ky = (1 − x) t∈T t = −(1 − x)k(e − 1) −1 . It follows y = (e − 1)
we have x e = e in Z * p α . Then x = e l for some l ∈ Z k , and so y = (e − 1) −1 (e l − 1). On the other hand, let x = e l and y = (e − 1) Let e be an element of order k ≥ 2 in Z * p α with k (p−1) and p a prime. For m ∈ Z * p α−γ (0 < γ < α) and l ∈ Z k , let us consider solutions of the following equation in Z p α :
are the only two solutions of Eq (3) in Z p α . It is also easy to see that Eq (3) has solutions in most cases. In fact, Eq (3) has no solution if and only if
with k (p − 1) if and only if k is even, l is odd and k 2 = (p − 1) 2 , where k 2 and (p − 1) 2 are the largest 2-powers in k and p − 1, respectively.
Construction of half-arc-transitive graphs: Let G α,β,γ be the group in Eq (1). Let m ∈ Z * p α−γ and k (p − 1) with k ≥ 2. Choose 0 ≤ l < k such that
. Take e as an element of order k in Z * p α and n as a solution of Eq (3). Then n is determined by m, k, l. Let T = {(e − 1)
Note that e is an element of order k in Z * p α given in advance. Since Eq (3) has exactly two solutions, we also write the notation Γ Proof. The two orbits of G are exactly the two partite sets of Γ, and we may assume that Γ = BiCay(G, ∅, ∅, S), where 1 ∈ S, |S| < 2p and G = S . Let A = Aut(Γ).
To prove the necessity, let Γ be half-arc-transitive. Then A 1 0 has exactly two orbits on S 1 = {s 1 | s ∈ S}, say U 1 and V 1 with 1 1 ∈ U 1 . Let |U| = k. Then S = U ∪ V , |U| = |V | and |S| = 2k. Since k < p, the Orbit-Stabilizer theorem implies that A 1 0 is a p ′ -group. By Theorem 3.1,Ĝ A, and by Proposition 4.1,
Note that F is a group with operation σ θ,x σ δ,y = σ θδ,yx δ for any σ θ,x , σ δ,y ∈ F .
Set L := {θ | σ θ,s ∈ F }. Since F is a group, L is a group and the map ϕ : σ θ,s → θ defines a homomorphism from F to L. Let K be the kernel of ϕ. Suppose K = 1. Then there is 1 = σ 1,s ∈ K with s = 1, and so 1
Since s has order p-power, |U 1 | ≥ p and hence k ≥ p, a contradiction. Thus, K = 1 and F ∼ = L.
Assume that G is non-split. By Lindenberg [21] , the automorphism group of G is a p-group. Thus, p |L| and hence p |A 1 0 |, a contradiction.
Assume that G is split. Then G = G α,β,γ , as defined in Eq (1). Since F is a p ′ -group and F ∼ = L, Proposition 2.1 implies that F is cyclic and |F | (p−1). Let F = σ θ,s , where θ ∈ Aut(G), s ∈ S and S θ = s −1 S. The transitivity of F implies that σ θ,s permutes all elements in both U 1 and V 1 cyclically. Thus, σ k θ,s fixes all elements in S 1 , and by Proposition 4.1, σ k θ,s = 1 and hence σ θ,s has order k and is regular on both U 1 and V 1 . It follows that
By Proposition 2.1, we may assume that θ is the automorphism induced by a → a e , b → b, where e ∈ Z * p α has order k. Let s = b i a j and t = b m a n with i, m ∈ Z p β and j, n ∈ Z p α . Then
Since e ∈ Z * p α , any element of order k in Z * p α can be written as e q with (q, k) = 1. By Lemma 4.5, e − 1 ∈ Z * p α and e q − 1 ∈ Z * p α , and so G has an automorphism ρ induced by a → a (e−1)(e q −1)
It is easy to check that θ ρ = θ. Thus, we may take e as an special element of order k in Z *
Thus, G = a j , a n , b m because G = S = U ∪ V ≤ a j , a n , b m . Since Γ is half-arc-transitive, Proposition 4.1 implies that there exists δ λ,x,y ∈ I such that (1 0 , 1 1 ) δ λ,x,y = ((b m a n ) 1 , 1 0 ) with λ ∈ Aut(G) and
= y 0 . It follows that x = b m a n , y = 1 and
Suppose p j. Since G = a j , a n , b m , we have p ∤ n and p ∤ m. By Proposition 2.2, every element in both V and U −1 b m a n has order max{p α , p β }. Clearly, every element in U has order less than p α , but the element a −j(1+p γ ) m +n(1−e) ∈ V −1 b m a n has order p α because p ∤ (1 − e) by Lemma 4.5. This is impossible as λ ∈ Aut(G) and (U ∪ V )
Furthermore, p ∤ m and so m ∈ Z * p β . Now, there is an automorphism of G mapping a j to a and b to b, and so we may assume j = 1 and s = a. It follows that
As (e − 1)
Since −(e − 1)
, we have
Noting that T,
Considering the power of b, we have m(1 + e) = m in Z p β as p ∤ m and p ∤ (1 + e) by Lemma 4.5. It follows that e = 0 in Z p β , which is impossible because e ∈ Z * p α implies (p, e) = 1. Let k = 2. Then T = {0, 1} and e = −1 in Z p α . By Eqs (5) and (6), S = {1, a, b m a n , b m a (1+p γ ) m −n }, and by Eqs (8) and (9),
, and since p ∤ m, we have p n. This is impossible because otherwise
in Z p β , and since p ∤ m, we have p n. This is impossible because otherwise
, and hence p (1 − n), but it is also impossible because
This completes the proof of Claim. (5) and (9),
By Eqs (7) and (8),
This implies that replacing m by m 1 , Eq (3) has the same solutions, and
Thus, we may assume that m ∈ Z * p α−γ , and therefore, Γ ∼ = Γ n m,k,l . We now prove the sufficiency. Let p be an odd prime and k a positive integer with k (p−1) and k ≥ 2. Let l ∈ Z k , m ∈ Z * p α−γ and n satisfies Eq (3) . Take e as an element of order k in Z * p α . Let S = U ∪V , where U = {a η | η ∈ T } with T = {(e−1)
Denote by Γ n m,k,l the bi-Cayley graph BiCay(G α,β,γ , ∅, ∅, S), as constructed before Theorem 4.6. Clearly, 1 ∈ U and G α,β,γ = S , implying that Γ n m,k,l is connected. Note that
To finish the proof, we only need to show that Γ n m,k,l is half-arc-transitive. Let A = Aut(Γ n m,k,l ) and G = G α,β,γ . We first claim p ∤ |A 1 0 |. Suppose to the contrary that p | |A 1 0 |. Let P is a Sylow psubgroup of A containingĜ and let X = N A (Ĝ). ThenĜ < P , and henceĜ < N P (Ĝ) ≤ X. In particular, p |X :Ĝ|, and so p |X 1 0 |. By Proposition 4.1,
Let τ be the automorphism of G induced by a → a e and b → b. We now prove σ τ,a ∈ X 1 0 , which is equivalent to show that
. Then X 1 0 either has two orbits of length k on S 1 , or is transitive on S 1 . Since p |X 1 0 | and X 1 0 acts faithfully on S 1 by Proposition 4.1, any element of order p of X 1 0 has an orbit of length p on S 1 , and since k < p, X 1 0 is transitive on S 1 . From
Let σ θ,1 ∈ X 1 0 1 1 be of order p with θ ∈ Aut(G). Then θ has order p and
1+e ∈ V , and by considering the powers of b, we have m(1 + e) = m in Z p β because p ∤ (1 + e) by Lemma 4.5. Since m ∈ Z * p α−γ , we have p ∤ m and so e = 0 in Z p β . It follows that p e, contrary to the fact that e ∈ Z * p α . Thus, a θ ∈ U, and hence, a θ = a j for some j ∈ T . If a θ = a then a
} is an orbit of length p of σ θ,1 on S 1 , which is impossible because there are exactly k < p elements of type a j in S. Thus, a θ = a and θ fixes U pointwise. Furthermore, θ also fixes V pointwise because |V | = k < p. It follows that θ = 1 as G = S , a contradiction.
Assume k = 2. Then e = −1 in Z p α and
= 1 1 and p ≥ 3, σ θ,1 has order 3 and we may assume that a 
, and Proposition 2.1 implies that F Z p−1 . Noting that σ τ,a ∈ A 1 0 , F is transitive on S 1 or has two orbits. Since F is cyclic and faithful on S 1 , F is regular on S 1 for the former, and F = σ τ,a for the latter.
Suppose that F is regular on S 1 . Then F is an cyclic group of order 2k, and |F : σ τ,a | = 2. Thus, σ τ,a F , and so F interchanges the two orbits U 1 and V 1 of σ τ,a . By the regularity of F , there exists a σ θ,s ∈ F such that 1 σ θ,s 1 = (b m a n ) 1 , which implies that s = b m a n and S θ = s −1 S = (b m a n ) −1 S. Since F interchanges U 1 and V 1 , we have a θ ∈ (b m a n ) −1 V . It is easy to see that (b m a n ) −1 S = (b m a n ) −1 U ∪(b m a n ) −1 V , where (b m a n )
m + n(e − 1)] + n, we have (b m a n ) −1 V = {a η | η ∈ T [(1 + p γ ) m + n(e − 1)]}. Let a θ = a r ∈ (b m a n ) −1 V for some r ∈ T [(1+p γ ) m +n(e−1)]. Since p α = o(a θ ) = o(a r ), we have r ∈ Z * p α . Note that U θ = {a ηr | η ∈ T } = {a η | η ∈ T r} ⊆ (b m a n ) −1 V . Then U θ = (b m a n ) −1 V = {a η | η ∈ T [(1 + p γ ) m + n(e − 1)]}, and so T r = T [(1 + p γ ) m + n(e − 1)] in Z p α . By Lemma 4.5, r = (1 + p γ ) m + n(e − 1). Since S θ = (b m a n ) −1 S = (b m a n ) −1 U ∪ (b m a n ) −1 V , we have V θ = (b m a n ) −1 U. In particular, (b m a n ) θ = b −m a t for some t ∈ T − n(1 Since e is an element of order k, we have (1 + p γ ) mk = 1 in Z p α and since (mk, p) = 1, we have p γ = 0 in Z p α , implying that α γ, which is impossible because 0 < γ < α. Thus, F cannot be regular on S 1 , and so A 1 0 = F = σ τ,a . Then A 1 0 has two orbits on S 1 , that is, U 1 and V 1 , and hence Γ n m,k,l is not arc-transitive. To prove the half-arctransitivity of Γ n m,k,l , we only need to show that A is transitive on the vertex set and edge set of Γ n m,k,l . Note that 1 1 ∈ U 1 and (b m a n ) 1 ∈ V 1 . To finish the proof, by Proposition 4.1 it suffices to construct a λ ∈ Aut(G) such that δ λ,b m a n ,1 ∈ I = {δ λ,x,y | λ ∈ Aut(G), S λ = y −1 S −1 x}, that is, S λ = S −1 b m a n , because (1 0 , 1 1 ) δ λ,b m a n ,1 = ((b m a n ) 1 , 1 0 ). 
m + n(e − 1)] + n = −T µ + n. Then −T ′ + n = T µ − n + n = T µ, and so U λ = V −1 b m a n . Similarly,
m a η | η ∈ T ′ µ − µn + ν} and U −1 b m a n = {(a η ) −1 b m a n | η ∈ T } = {b m a −η(1+p γ ) m +n | η ∈ T } = {b m a η | η ∈ −T (1 + p γ ) m + n}. To prove V λ = U −1 b m a n , we only need to show T ′ µ − µn + ν = −T (1 + p γ ) m + n in Z p α , which is equivalent to show that T (1 + p γ ) m = T µ 2 − ν + n because T ′ = −T µ + n. By Eq . Then T (1 + p γ ) m = T µ 2 − ν + n, as required. Thus, V λ = U −1 b m a n and hence S λ = S −1 b m a n . This completes the proof.
